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1 Introduction

Problem of fair allocation of scarce resources appears in
many applications on networks. The basic dilemma is be-
tween how much of importance to attribute to individual
outcomes and to what extent to prioritize the value of the
aggregate outcome. High values of the aggregate outcome
are often associated with situations when some individual
actors receive no or very little allocation. Conversely, eq-
uitable distributions may lead to very low aggregate out-
come and thus very low efficiency of the system. In this
contribution, we describe the basic optimization frame-
work, alpha-fairness [1], that allow for trading off the de-
gree of equality for the overall efficiency of the system
by capturing the utilities of individual actors by the utility
function:

U j( f j,α) =

{
f 1−α

j
1−α for α ≥ 0, α 6= 1
log( f j) for α = 1,

(1)

where j = 1, . . . ,R is the group of actors and f j is an al-
location assigned to the actor j. Then, the aggregate util-
ity U(α) = ∑R

j=1 U j( f j,α) is maximized under the con-
straints that allocations to all actors are feasible. Value
α ≥ 0 is a parameter. When α = 0, we maximize the ag-
gregate utility, obtaining solution known in the literature
as utilitarian solution, system optimum or in the context of
flow problems it is known as maximum flow. If α → ∞
we obtain equitable solution, known as max-min fairness.
Here, the allocation to the actors with the minimum al-
location is maximized first, and once these "poor" actors
receive the largest possible allocation, the process repeats
iteratively for the next more well-off actors. For the inter-
mediate values of α we obtain trade-off solutions. Among
them, probably the most prominent is the proportionally
fair solution [1] obtained for α = 1. This framework can
be easily applied in environments where all the limitations
can be expressed by the set of linear equalities and convex
inequalities. Thus, in cases when the convex optimization
can be utilized as a basic solving technique. We illustrate
the broad applicability of alpha-fairness by briefly intro-
ducing three applications.

2 Application 1: Resilience of Natural Gas
Networks During Conflicts, Crises and
Disruptions

Human conflict, geopolitical crises, and natural disasters
can turn large parts of energy distribution networks offline.
Europe’s current gas supply network is historically largely
dependent on deliveries from Russia and North Africa,
creating vulnerabilities to social and political instabilities.
During crises, less delivery means greater congestion, as
the pipeline network is used in ways it has not been de-
signed for. Thus, an approach that can distribute limited
capacities among affected countries and cities is needed.
Combining three spatial data layers (see Figure 1), gas im-
port and gas export data with a proportionally fair conges-
tion control flow model we created a model of the Euro-
pean gas pipeline network and we analysed large set of
crises scenarios [2].

Figure 1: Spatial data involved in the analysis: popula-
tion density (source: Landscan 2012); gas pipeline net-
work (source: Platts 2011) and major urban areas (sources:
European Environment Agency and Natural Earth) [2].
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3 Application 2: Design of Public Service
Systems

This application is motivated by problems faced by pub-
lic authorities when locating facilities, such as schools,
branch offices and ambulance, police or fire stations to
serve spatially distributed population. These systems are
typically operated from public money and they should ac-
count for equitable access of customers to services (see
Figure 2).
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Figure 2: Schematic illustrating a road network connect-
ing four customers that are supposed to be served by one
facility that is to be located in one of the network nodes.
Customers access the facility over the shortest paths. Lo-
cation of the facility in node 1 results in the following de-
scendingly sorted vector of distances between customers
and the closet located facility s1 = (10,9,9,0) while locat-
ing the facility in node 3 results in s2 = (10,8,7,0). So-
lution s2 is lexicographically smaller (it has smaller value
of the first non equal element) than s1 and thus it is more
favourable [3].

This problem can be formulated as discrete location
problem. We explain how the concept of max-min fairness
generalizes in a discrete space to the lexicographic min-
max concept. Previous approaches to the lexicographic
minimax facility location problem, result in a specific form
of the mathematical model that is supposed to be solved
by a general purpose solver. This limits the size of solv-
able problems to approximately 900 customers and 900
candidate facility locations. Building on the concept of
unique classes of distances, we proposed approximation
algorithm providing high quality equitable solutions for
large instances of solved problems [3]. We used the result-
ing algorithm to perform extensive study using the well-
known benchmarks and two new large benchmarks de-
rived from the real-world data.

4 Application 3: Coordination of EVs
Charging in the Distribution Networks

With the possible uptake of electric vehicles in the near
future, we are likely to observe overloading in the local
distribution networks more frequently. Such development
suggests that a congestion management protocol will be a

crucial component of the future technological innovations
in low voltage networks. An important property of a suit-
able network capacity management protocol is to balance
the network efficiency and fairness requirements.
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Figure 3: (a) We analyse tree-like distribution network
while modelling each network edge as the circuit shown
in panel (b). Electric vehicles choose a charging node
with uniform probability, and plug-in to the node until
fully charged, as illustrated by the electric vehicle icons
on the network. Network edge (i, j) has impedance Zi j =
Ri j + iXi j. Vehicles consume real power only, but net-
work edges have both active (real) and reactive (imagi-
nary) power losses [4].

We explored the onset of congestion by analysing the
critical arrival rate, i.e. the largest possible vehicle arrival
rate that can still be fully satisfied by the network for two
basic control strategies: the proportional fairness and the
maximum flow [4]. By numerical simulations on realistic
networks (see Figure 3) we showed that proportional fair-
ness leads not only to more equitable distribution of power
allocations, but it can also serve slightly larger arrival rate
of vehicles. For the simplified setup, where the power allo-
cations are dependent on the occupation of network nodes,
but they are independent of the exact number of vehicles,
we validated the numerical results, by analysing the crit-
ical arrival rate on a network with two edges, where the
optimal power allocations can be calculated analytically.
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